
GDAŃSK 2018

ESTIMATION OF FAILURE
INITIATION IN LAMINATED
COMPOSITES BY MEANS
OF NONLINEAR SIX-FIELD
SHELL THEORY AND FEM

BARTOSZ SOBCZYK



GDAŃSK UNIVERSITY OF TECHNOLOGY PUBLISHING HOUSE 
CHAIRMAN OF EDITORIAL BOARD 
Janusz T. Cieśliński 

EDITOR OF SCIENTIFIC PUBLICATIONS 
Michał Szydłowski 

SERIES EDITOR 
Jerzy M. Sawicki 

REVIEWERS 
Jerzy Bobiński 
Wojciech Pietraszkiewicz 

COVER DESIGN 

Jolanta Cieślawska 

Published under the permission 
of the Rector of Gdańsk University of Technology 

Gdańsk University of Technology publications may be purchased at 
http://www.pg.edu.pl/wydawnictwo/katalog 
orders should be sent to wydaw@pg.edu.pl 

No part of this publication may be reproduced, transmitted, transcribed, 
stored in a retrieval system or translated into any human or computer language 
in any form by any means without permission in writing of the copyright holder. 

 Copyright by Gdańsk University of Technology Publishing House 
Gdańsk 2018 

ISBN 978-83-7348-738-3 



CONTENTS 

LIST OF THE MOST IMPORTANT SYMBOLS AND NOTATIONS  ......................................  5 

1. INTRODUCTION  ...................................................................................................................  7 
1.1. Research background and motivation  ..............................................................................  8 
1.2. Objective of the book and theoretical assumptions  ..........................................................  11 
1.3. Analysis tools  ...................................................................................................................  12 

2. MODELLING OF LAMINATED COMPOSITES  .................................................................  13 
2.1. Equivalent Single Layer models  .......................................................................................  13 
2.2. Layerwise theories  ...........................................................................................................  15 
2.3. Other 3D formulations and multiple models  ....................................................................  16 

3. BASICS OF NONLINEAR 6-PARAMETER SHELL THEORY ...........................................  17 
3.1. Main differences between 6p and 5p theories, motivation of 6p theory application  ........  18 
3.2. Shell deformation and strain measures  .............................................................................  18 
3.3. Constitutive relation  .........................................................................................................  21 

3.3.1. Constitutive law of the layer  ..................................................................................  22 
3.3.2. Constitutive law of the laminate  ............................................................................  24 

3.4. Recovery of the stress tensor in the shell plies  .................................................................  26 

4. FAILURE CRITERIA IN LAMINATED COMPOSITES  ......................................................  28 
4.1. Tsai-Hill criterion  .............................................................................................................  31 
4.2. Tsai-Wu criterion  .............................................................................................................  35 
4.3. Hashin criterion  ................................................................................................................  39 
4.4. Puck criterion  ...................................................................................................................  43 
4.5. Comparison of the discussed failure criteria  ....................................................................  50 

5. MODIFICATIONS OF FAILURE CRITERIA  .......................................................................  53 
5.1. Modified Tsai-Hill criterion  .............................................................................................  53 
5.2. Modified Tsai-Wu criterion  .............................................................................................  55 
5.3. Modified Hashin criterion  ................................................................................................  56 
5.4. Modified Puck criterion  ...................................................................................................  58 

6. NUMERICAL EXAMPLES ....................................................................................................  59 
6.1. Stress analysis of simply supported plate  .........................................................................  60 
6.2. Pure shear test  ..................................................................................................................  64 
6.3. Cylindrical panels .............................................................................................................  65 
6.4. Flat rectangular panel subjected to compression  ..............................................................  71 
6.5. Blade-stiffened, partially clamped panel  ..........................................................................  74 
6.6. Compressed U-shaped column  .........................................................................................  80 
6.7. U-shaped footbridge  .........................................................................................................  87 

7. FINAL REMARKS  .................................................................................................................  92 

APPENDIX – Derivation of Puck criterion  ..................................................................................  94 

REFERENCES  .............................................................................................................................  98 
Abstract in English  .......................................................................................................................  105 
Abstract in Polish ..........................................................................................................................  105 
 



 4

ACKNOWLEDGEMENTS 

 Abaqus calculations were carried out at the Academic Computer Centre in Gdańsk. 

 The research reported in this book was supported by the National Science Centre, 
Poland with the grant 2015/17/B/ST8/02190. 



LIST OF THE MOST IMPORTANT SYMBOLS AND NOTATIONS 

Q(x) – tensor of mean rotary deformation of the shell cross sections 
T(x) – the structure tensor in the current configuration 
T0(x) – the structure tensor in the reference (initial) configuration 
x – the position vector of initial configuration M 
e – vector of shell strains 
s – vector of shell stress and couple resultants 
C – constitutive matrix 

(k) – angle of fibre orientation in kth lamina 
(a(k), b(k), c(k)) – orthogonal material coordinate system of kth lamina 

kT  – transformation matrix 

4 4
A  – extensional stiffness matrix 

4 4
B  – extension – bending coupling matrix 

4 4
D  – bending stiffness matrix 

2 2
S  – transverse shear stiffness matrix 

2 2
G  – drilling resultants stiffness matrix 

aa – normal stress in the 1st material direction 
bb – normal stress in the 2nd material direction 
ab – in-plane shear stress in the 2nd material direction 
ba – in-plane shear stress in the 1st material direction 

a – transverse shear stress on the a-c plane 
b – transverse shear stress on the b-c plane 
Ea – elastic modulus of lamina in the 1st material direction 
Eb – elastic modulus of lamina in the 2nd material direction 
Gab – in-plane shear modulus of lamina 
Gac – transverse shear modulus on lamina a-c plane  
Gbc – transverse shear modulus on lamina b-c plane  
vab – major Poisson's ratio of lamina 
Xt – absolute value of lamina tensile strength in the 1st material direction 
Xc – absolute value of lamina compressive strength in the 1st material direction 
Yt – absolute value of lamina tensile strength in the 2nd material direction 
Yc – absolute value of lamina compressive strength in the 2nd material direction 
Sl – lamina in-plane shear strength 
St – lamina transverse shear strength 
nn – normal stress component acting on lamina failure plane 

nl – shear stress component acting on lamina failure plane in the fibre direction 
nt – shear stress component acting on lamina failure plane perpendicular to nl 
f – lamina failure plane inclination angle 
w1 – Puck’s criterion weakening factor 


